Abstract-This paper presents a new algorithm for realization of Gramian-preserving frequency transformation for linear discrete-time systems. In the proposed algorithm, we construct allpass systems for frequency transformation as the cascaded normalized lattice structure. It is shown that the frequency transformation based on this algorithm not only leaves the controllability/observability Gramians invariant under the change of magnitude responses, but also significantly reduces nonzero entries of the coefficient matrices of transformed systems. This property will be very effective in practical applications such as implementation of high-accuracy multiband state-space digital filters.
I. INTRODUCTION
The controllability Gramian and the observability Gramian of linear dynamical systems play crucial roles in many aspects of linear system theory. These Gramians are known to be very useful for analysis of structural properties of systems, which enables us to solve many problems that cannot be handled by the transfer function-based analysis. Some examples of these problems can be seen in balanced model reduction [1] and analysis/synthesis of high-accuracy digital filters with respect to quantization effects [2] - [5] .
Frequency transformation [6] is a technique for design of linear systems by means of variable substitution in a transfer function. Practical applications of this technique can be seen in signal processing theory, where the frequency transformation is applied to design of frequency selective filters.
In [7] , the authors proposed a new description of frequency transformation for discrete-time systems. We refer to this new description as the Gramian-preserving frequency transformation, which can transform a system into other systems with different magnitude characteristics, but with the same controllability/observability Gramians as those of the original system. From this property, we proved that some useful realizations such as low-sensitivity realization and minimum roundoff noise realization are preserved under the Gramian-preserving frequency transformations. In the case of continuous-time systems, we have already derived similar results [8] .
The main contribution of this paper is to give a new algorithm for realization of the discrete-time Gramian-preserving frequency transformation. In our previous work [7] , we realized the Gramian-preserving frequency transformation by replacing each delay element of a system with a balanced allpass system that is constructed by means of an appropriate similarity transformation. Unfortunately, the transformed systems generated by this approach have coefficient matrices with too many nonzero entries. This fact means that the transformed systems require a large number of multipliers and adders, which are unacceptable for implementation. In order to overcome this problem, our new algorithm makes use of normalized lattice structure for construction of balanced allpass systems. It is shown that our new algorithm sufficiently reduces the number of nonzero entries of coefficient matrices of transformed systems. Moreover, it is shown that this reduction becomes very significant for high-order allpass systems that are used for design of multiband digital filters through frequency transformation. This property shows that our new algorithm will be very effective in implementation of highaccuracy multiband state-space digital filters.
II. PRELIMINARIES
This section gives preliminaries concerning linear discretetime systems and Gramian-preserving frequency transformation.
A. Linear Discrete-Time Systems
Consider the following state-space equations for an asymptotically stable single-input/single-output discrete-time system of order N with the transfer function H(z):
where u(n), y(n) and x(n) are the scalar input, the scalar output and the state vector of size N × 1, and A, b, c and d are coefficient matrices with appropriate size. The coefficients (A, b, c, d) and the transfer function H(z) are related as
where I N is the N × N identity matrix. In this paper, the system (A, b, c, d) is assumed to be a minimal realization of H(z), i.e. the system (A, b, c, d) is controllable and observable. For the system (A, b, c, d), the solutions K and W to the following Lyapunov equations are called the controllability Gramian and the observability Gramian, respectively:
The Gramians K and W are symmetric and positive definite because the system (A, b, c, d) of H(z) is assumed to be asymptotically stable, controllable and observable.
B. Gramian-Preserving Frequency Transformation [7]
Frequency transformation [6] is a variable substitution z −1 ← 1/F (z) which results in a new transfer function H(F (z)) from a prototype transfer function H(z). From the system realization point of view, this substitution is interpreted as the replacement of each delay element z −1 of a prototype system with another system 1/F (z). The transformation function 1/F (z) is defined as an M -th order stable allpass function of the form
If the order of H(z) is N , then the order of H(F (z)) is MN.
In our previous work [7] , we proposed a new description of frequency transformation, which we refer to as the Gramianpreserving frequency transformation. The following theorem introduces the description.
Theorem 1 ( [7] ): Let (A, b, c, d) and (α, β, γ, δ) be statespace representations of a prototype system H(z) and an allpass system 1/F (z), respectively. Also, let K and W be the controllability and observability Gramians of (A, b, c, d), and let Q be the controllability Gramian of (α, β, γ, δ). In addition, let (Λ −1 αΛ, Λ −1 β, γΛ, δ) be an equivalent statespace realization to 1/F (z), where Λ is any nonsingular matrix satisfying
is a balanced realization, i.e. the controllability/observability Gramians of (Λ −1 αΛ, Λ −1 β, γΛ, δ) are diagonal and equal to each other. Now, consider the following set of coefficiants
where ⊗ denotes the Kronecker product for matrices. Then, the followings hold:
1) The transfer function of ( A, b, c, d) is given by H(F (z)). 2) Let the controllability/observability Gramians of ( A, b, c, d) be denoted by K and W . Then, these Gramians are given in terms of K and W by the following MN × MN block diagonal matrices:
The statements 1) and 2) of Theorem 1 show that the controllability/observability Gramians are invariant with multiplicity M under any frequency transformation of which description is given by (6)-(9). Hence we refer to the description of (6)- (9) as the Gramian-preserving frequency transformation. In [7] , we addressed a practical application of the Gramian-preserving frequency transformation to design and synthesis of high-accuracy digital filters; it was shown that, once we realize a prototype filter having useful structure such as low-sensitivity realization and minimum roundoff noise realization, we can transform it into another filter with different magnitude characteristic, but with the same useful structure.
A drawback of the Gramian-preserving frequency transformation in Theorem 1 is that the transformed coefficient matrices ( A, b, c, d ) have many nonzero entries. Hence the implementation of ( A, b, c, d) requires a large number of multipliers and adders. This drawback is due to the algorithm for construction of balanced allpass systems: in Theorem 1, the balanced allpass systems (Λ −1 αΛ, Λ −1 β, γΛ, δ) are generated from an arbitrary state-space realization (α, β, γ, δ) of 1/F (z) by the similarity transformation using Λ. In general, this approach unfortunately yields nonzero values in almost all of the entries of (Λ −1 αΛ, Λ −1 β, γΛ, δ).
In the rest of this paper, we present an alternative algorithm that avoids this problem.
III. GRAMIAN-PRESERVING FREQUENCY TRANSFORMATION USING NORMALIZED LATTICE STRUCTURE
The key point of our new algorithm for realization of the Gramian-preserving frequency transformation is to construct balanced allpass systems by using the normalized lattice structure [9] , [10] . Before giving our main result, we first discuss the normalized lattice structure of allpass systems and its state-space description, and we show that a balanced allpass system can be realized as the cascaded normalized lattice structure.
As shown in Figure 1 , the allpass function 1/F (z) given by (5) can be realized as the cascaded normalized lattice structure [10] , where ξ i 's for 1 ≤ i ≤ M are real constants called the lattice parameters, and ξ i = 1 − ξ 2 i . The state-space coefficients of the model of Figure 1 are described by (11). Now, let the controllability Gramian of ( α, β, γ, δ) be Q, i.e.
Since ( α, β, γ, δ) is the cascaded normalized lattice structure, it follows from [9] that Q = I M . Furthermore, since ( α, β, γ, δ) is allpass, its observability Gramian is given as Q −1 = I M . These facts lead to Q = Q −1 = I M , which shows that ( α, β, γ, δ) is a balanced allpass system. We are now ready to present our main result. From the above discussion, it is clear that the Gramian-preserving frequency transformation can be realized by replacing each delay element of H(z) with an allpass system 1/F (z) that has the cascaded Also, let ( α, β, γ, δ) be the state-space representation of an allpass system of the cascaded normalized structure, as given by (11). Then, the following set of coefficients
have the transfer function H(F (z)). Moreover, the controllability/observability Gramians of this system, denoted byK andW , are described as in (10) . That is,K = K and W = W hold. Next, we address the significance of Theorem 2. To this end, we focus on the number of zero entries in (Ȃ,b,c,d ).
Looking at (11), we see that many zero entries appear in the matrices α and γ, and this property yields many zero entries inȂ andc: substituting (11) into (13) and (15), we have (17) and (18), where α i,j is the (i, j)-th entry of α, and β i and γ i are the i-th entries of β and γ, respectively. Now, let Z(Ȃ) and Z(c) be respectively the numbers of zero entries inȂ andc. A straightforward calculation shows that
which shows that the set of the coefficient matrices
From this result, we see that the number of zero entries in the transformed systems increases as O(M 2 N 2 ). Therefore, by using Theorem 2, the number of multipliers and adders in the transformed systems can be significantly reduced for large M . As is well-known, frequency transformations with large M are essential to design of multiband digital filters. Hence our new algorithm given by Theorem 2 can be applied to design and synthesis of high-accuracy multiband state-space digital filters that have much lower hardware requirements than conventional state-space digital filters.
IV. NUMERICAL EXAMPLE Consider the following prototype system of order 2: The transfer function of this system, denoted by H(z), has the lowpass magnitude response shown by the solid line of Figure 2 . The controllability/observability Gramians of this system are calculated as
which shows that (A, b, c, d ) is the minimum roundoff noise realization [3] . To this prototype system, we apply the following 3rd-order frequency transformation 
from which we see that the minimum roundoff noise realization is preserved under the frequency transformation of Theorem 2. These facts show that the resultant multiband statespace filter has been realized as the minimum roundoff noise form with its coefficient matrices having a small number of nonzero entries.
V. CONCLUSION This paper has presented a new algorithm for realization of discrete-time Gramian-preserving frequency transformation. Our new algorithm makes use of normalized lattice structure for construction of balanced allpass systems. This approach enables us to not only leave the controllability/observability Gramians invariant under frequency transformations, but also to significantly reduce the nonzero entries of the coefficient matrices of transformed systems, which will be very effective in their implementation. A numerical example has been given to demonstrate these properties.
